
Lecture 14.
r - eh roots & Chiodo 's formula

• Twisted curves & r-th root moduli space

• GRR between smooth schemes

• Chiodo 's formula

Reference
.

Chiodo . Towards an enumerative geometry of the moduli

space of twisted curves and r th roots
↳ GRR calculation

• Stable twisted curves and their r-spin structures
↳ Foundation of the moduli construction

Abramovich -Vistoli :. Compactgag the space of stable maps



§ 1. Twisted curves .

Reminder : We used the following geometry to prove
Pixton 's formula

Cree)

IP p :
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Bur

target .

¢'s Ethics
.

Type O µr=2/r2
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- Chiodo 's formula deals with a curve mapping to the

stocky point Bur of the target .
Q_ How does this relate to r - th root ?



• G - torsos

G = algebraic group ( Mr or IT ) .

Def A principal G- bundle (or G -torso ) over X is a space

P - X together with a aPat cestode) locally on X , we

have

pl u E U x G .

Then there exists a bijection

Maps CX ,

BG ) - { P - X : G -tensor /
.

Eg If G -- Cl
't

.

It - torso⇐ line bundle

p i- P ¥ ¢

Lil 04 ← L

un sits inside the following exact sequence

1 → ur → ¢
't
- ¢* → a

2- 1- zr

If P is a Mr - torso over a smooth projective curveC,
we can take a scalar extension P ferQ

*
and get a line

bundle Lp on C
.

⇒ Lp
⑤ r
re Oc

.

Lp = Pax
.

¢



• what is the issue over ttg ? (n--o)

Now we do this over Mg :

e : Mgk = { CC .4 I Lor E Oc f - Mg

This map is e'tale
. proper & l E

-' Cos I = r't

Q what happens if we naively extend to ttg ?
is 4kghate = {CC. L) I L④r E Oct

.

At This is wrong thing to do ! ( not proper )

(why?) E : NT "I
'
name

→ ttg -be a morphism forgetting r th root .
We know that E is Etoile .

If E were proper ,
# of fibers should be constant .

Over Mg City ,
# E-

'

go,
= RS

.

Let

c. = e Itg .

⇒ # E
-' Cc] = ¥7' = rod -1 tf
t s

r th roots on -

translation functor
the normalization of C

at the nude Edric
't

In general e
-I fog = ✓

29 - h' CC)



• Twisted curve & r th root moduli

Solution [ Abramovich - Vitolo]

The curve itself should have stocky structure at each

node !
"

twisted curve
"

* B : scheme

Def ( Ti : C- B
. Pa . - - Pa ) is a family of r -stable curves

jortwtsted curves
,
if a is a proper flat morphism

not representable) and
(92 fibers are purely 1-dim ' l

.

699) Csm is an algebraic space

1999 the coarse moduli E →B is a family of stable curves
Gv) Cetale) locally at each node :

x : C U l ur]- T = Spec A
^ U = Spec A[zw]/Czw -t) te A

- 5 . Czw) = CS z
,
3-'w )

,

5 c-Mr .

← Stucky structure
ateach nodes

.

X Mgm CD
.



Thin? Abramovich-Vitali
,
Chiodo]

.

Itg.n
Cr) is a proper . smooth

Irreducible DM -stack of dim = 3g-3th .

E : tyg ,n Cn → ttgin is surjective ,
finite , flat .

Now we consider r-th roots over twisted curves
.

Recall If X - [MCG]
.
a line bundle on X E G - equivariant

3

line bundle Lon M
.

e.g . X -Bur , line bundles on X# L-dim Mr - rep .

§
.
Z = 3Iz

.

o Ei Er-1
.

x

Consider the following moduli space monodromy
Yr

ttg . A = { Cc .

L) / C : r - stable cane
,
L
④ te OC-ZaiPil } .

Thin
.

ttg! A is a smooth , proper DM
-stack of dim - 3g -3th .

and it"g. A → ttgncrl is Finite & e'tale
.

There is a slightly different compactification of r -th roots :
orbifold stable maps to Bmr (

⇐ fixed point of Type O)

Ntg .

A ( Bmr . O ) ← orbifold structure at

F
nodes & markings

monodromy at the marking



Jug . a CBper .

o) = { CC - L) / C '

- twisted curve . L : line bundleonC
.

L⑤E-Oc & monodromy at pi = ai
/

(or r- ai)

E How does M-g.it (Baro) recover twisting by a section ?

Take CC . L) EM-g.tt (Beer .O) where C is smooth .

Let E : C- E be the coarse space . Suppose LEEOc .

Then E* L is a line bundle and

( E*L)
④ r

= OE (J
'

a-pi )
So we recover the twist on E . .

Since we have a map dtg# (Buri ) → Night we can
translate Chiodos result on Night to the orbifold stable

map space .



• Boundary strata of Tigh .

Boundary stratum of its"g corresponds to a stable graph T
and extra data

w : ECT )→ {o , e . - - ,r- I }

coming from the representation ofMr C Le ← fiber at the
node e

.

• Balancing condition at e- Chih' )
what are the r - th roots of the trivial line bundle over ?

HEH ter) = Mr .
(or tilBeer) a Mr )

a al
-

O Sa, a
'
E r -I

,
ata

'
so (modr)

as

we consider a family of nodal curves ata
'
= o Cmodr )

- IE
- Yr

Boundary strata of Mg ⇐ stable graph with a weighting
(more precisely U-g.AEBar .

O) ) mod r .



Let's go back to e : it "g! #→ ttgn Crl :

IWhr I = rh
""

⇒ I e- ' Cal = r 29
-h'

. r
h'M

= p29

④ The first Chem class of the normal bundle at each .h't

= - ¥4
,

4h = E* 4h
.
4h = E*411

,

E : it¥! -MI



$2
.
Grothendieck -Riemann -Roch formula

• Characteristic classes

V-X : rank r vector bundle.

Assume T ⇐ Le ⑤ - - - to Lr splits into line bundles .

(this Is not a serious assumption.
"

Splitting principle
" )

hi = a (Li) e H2CX) ( or At CX) )

We define several cohomology classes on X in terms of di .

G) Chern classes : c CVT = Ii-5 a-CE ) = Eat atai)
-

E ith elementary symmetric
polynomial Thai

↳ Chern character : chCVT =

a

e
"

= r t a(V ) t I (Cf - 29) t Fcc? -3C,at3G)

* If o → E
'

- E → E
"
→ o Ts a short exact seq of vector bundles .

ohLEI = chft' ) t chCE
"

)
.

* Let X = quasi - projective scheme
.

F f GhCX)
.

Then

o → Lm → - - - → Li- Lo → F - o .
Li - loc -free

chCFI : = I C-hiChichi ) ← Independent of the
choice of resolution



G) Todd class i Td TV) = IIeQui) where

Qin --c = it Ext II. cel"Y?I÷
,

sik

* Td CEI = TdCE
'

)Td CE
"

)
* Td(El is Invertible in HMX) .

• GRR

X .

Y : quasi -projective ,
smooth scheme

,
f ' X - Y : projective

For F c-CohlXl
,

Rif *F is a coherent sheaf on Y

associatedto a presheaf
u i- Hi ( f-' U ,

F )
.

→ R.fi : ko CX) - Ko CY)
,

[FI - E C-ti [Rifat ]
-

Ko - group of X

Tim(Grothendieck! If f : X- Y as above and F E Ghul , then

oh(127*7) -Td (Ty) =f* ( ohCFI -Td (Tx) )
- -

9
derived pushforward

to pushforward in cohomology
(or Chow)



Exampte f : X → Spec Ccl) .

Then

X CFI = Ix chIII.Td (Txt

The GRR naturally extends to a morphism between smooth DM
stacks when f is representable ( ie f induces AutGh-AuHfcxD)



§ 3
.
Chiodo 's formula

←
universal r th root

Setup : L
Yr 1

→ Cg . A God : ch(RT*L)
universal
aime at

NT
'

gta

We have a technical obstruction to apply GRR to It .

Problem IT is not representable .
because IT is a family of

stocky curves .

If we apply GRR formula directly , we will get a

wrong answer !

( 7- GRR for DM - type morphisms ,
but this is not what we

are doing here) & H -H -Tseng

Idea [Chiodo] Let COB .

L) be a family of r th roots over
a smooth base B

.

~ +I
C

L Is
>

Smooth→ C
Is E

* y¥ ← fam,y og gem,gaze gene,

B
-



✓ : C → E i coarse space ( basically you kill ftberwise
←
singular space stocky structure )

g : E - C : a particular resolution of singularities
① Cestode) local picture at nodes .

i for simplicity . we lookat

analogous situation for twisted curves

usual family of nodes : ¢
'

- ¢
. Gay) mo z --ay .

←
exceptional

~ divisors

44in Y
l
.

. x
[& lur]
I ¢

-

fur •

° Elder has a singularity at the origin
" Ar

-e - singularity
"

.

We can blow up the center
LE J times

. and get a smooth

surface Etter
.

This construction can be done in a family and get E which

is smooth and E : E- B is representable .

( it is no longer stable (only semi stable ) but it really does

not matter )



How does this help us ?

Actually Chiodo proved more. Namely
,

he constructed a

litre bundle I on T s -t

ch (Rt*L) oh (RTT * I J e HMB)

we can apply GRR for EIB .

! ! It is possible to

express GCI) in terms of a(w EIB) ,
divisors associated

to sections
, exceptional divisors .

Theorem (Chiodo)

ahh RIT *L ) = BcmY, km - II,
Bm¥f yin
(met) !

+ EE:B:¥ s.w.ca
where

. [t
.
w] = *

w r -

Woof

• ete IE Breast,



The proof of Chiodo 's formula is rather straight forward .

You have to be well - organized to compute Todd classes and

multiplication of tautological classes ,
etc

.

We will omit

the detail . DX

Using the formula
c l -El = exp( mtg

,

C-Dm cm-11 ! ohm TH )
we get the expression of

E
*
C f-RIT*L ) E H* Cttgn )

E -

- Itg!A → Agin .

④ We are interested in the leading term in r and most

of terms in Chiodo 's formula does not contribute .

=D Pixton 's polynomial Pg .

da're Rdcttg
,
n)

Exercise We are ready to read the Introduction of

[JPPZI]


